Stochastic Environmental Research and Risk Assessment 15 (2001) 384±398 Ó Springer-Verlag 2001

Geometric approach to statistical analysis
on the simplex
V. Pawlowsky-Glahn, J. J. Egozcue
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Abstract. The geometric interpretation of the expected value and the variance in
real Euclidean space is used as a starting point to introduce metric counterparts
on an arbitrary ®nite dimensional Hilbert space. This approach allows us to
de®ne general reasonable properties for estimators of parameters, like metric
unbiasedness and minimum metric variance, resulting in a useful tool to better
understand the logratio approach to the statistical analysis of compositional data,
who's natural sample space is the simplex.
Key words: Aitchison geometry, compositional data, Euclidean space, ®nite
dimensional Hilbert space, metric center, metric variance.

1
Introduction
The logratio approach to the statistical analysis of compositional data proposed
by Aitchison (1982) has been the source of many discussions over the last decades. This is due to the enormous importance compositional data have in
practice, as measurements in proportions of some whole, like percentages, ppm,
etc. are extremely common in applied sciences. This approach makes it possible
to perform classical statistical analysis on transformed data and to back transform
the results, which is a clear advantage due to the large amount of methods
available for multivariate normally distributed phenomena and the robustness of
those. But there has been a certain reluctance in using the new approach by
practitioners, which, besides the usual resistance to new theories, is due to the
lack of classical properties of backtransformed estimators and models, like
unbiasedness and minimum variance.
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In a recent paper, we have given a partial answer to these problems, based on
concepts of metric center and metric variance related to the geometric structure
of the simplex (Pawlowsky-Glahn and Egozcue, 2001). Here it is shown that the
concepts of metric center and metric variance make sense for random vectors
with sample space an arbitrary ®nite dimensional real Hilbert space. Using this
approach, it is easy to proof essential properties for statistical inference not only
on the simplex, which is the natural sample space for compositional data, but also
in other sample spaces. Obviously, the same reasoning can be applied to complex
spaces and there is no need to constrain it to elementary concepts and properties.
But precisely elementary concepts and properties are useful to convince of the
appropriateness and naturality of the de®nitions, showing that interpretation of
real phenomena are much easier if we work on an appropriate sample space using
the appropriate measures of central tendency and variability.
Throughout this work, we use the term ®nite dimensional real Hilbert space,
instead of Euclidean space, for spaces with the appropriate structure that are
different from m-dimensional real space Rm . Although mathematically equivalent, we think that speaking about an Euclidean space, whether we refer to Rm , or
d
to its positive orthant Rm
 , or to the interval (0,1), or to the simplex Sc , can be
easily misleading in this presentation.
The rationale behind the de®nitions and properties is related to that of FreÂchet
(1948) in his paper on random elements of arbitrary nature in a metric space. But
FreÂchet was primarily concerned with general, non-numerical spaces, while our
interest lies in subsets of Rm with an appropriate structure. Given his approach,
FreÂchet was naturally interested in probabilistic problems, whereas we emphasize
the estimation of parameters.
To illustrate our procedere, let us start recalling basic de®nitions and properties
related to random variables in real space: given a continuous
random variable X,
R 1
the center or expected value is introduced as EX  1 x dFX x, where FX x
stands for the distribution function of X, and the variance as VarX  E X
EX2 . The geometric interpretation of these concepts is well known, and is often
given either as a motivation or as an illustration. Nevertheless, the center can be
de®ned as that value l which minimizes the expected squared Euclidean distance
Ede X; n2 , and the variance r2 can be de®ned as the expected value of the
squared Euclidean distance around l, r2  Ede X; l2 . Obviously, l  EX and
r2  VarX. To our understanding, this geometric approach gives its real
meaning to the center as a measure of central tendency and to the variance as a
measure of dispersion. FreÂchet (1948) uses this philosophy to introduce the center
and variance of a random vector with support an arbitrary metric space which is
not necessarily a vector space. A similar reasoning lead Aitchison (2001) to justify
the closed geometric mean as the natural center of a random composition and,
later, Pawlowsky-Glahn and Egozcue (2001) to de®ne the concept of metric variance for a random composition. Here, we extend this approach ®rst to an arbitrary
®nite dimensional real Hilbert space, then we give some simple examples to
illustrate its general interest, and ®nally we particularize on the simplex.

2
Notation and basic concepts
Given an m-dimensional real Hilbert space E (m-Hilbert space for short), with
internal operation , external operation , and inner product h:; :i, denote the
associated norm by k  k and the associated distance by d :; :. We will use and
whenever needed for the corresponding operations on the inverses and denote
by e the neutral element with respect to the internal operation . This notation
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Fig. 1. Schematic representation of the relationship of a random vector with sample space e
and a random vector with sample space Rm through an isometric transformation h

has been chosen in order to relate and, at the same time, distinguish, operations
in E from their counterparts in Rm . For convenience, we will identify the scalar
®eld with R; ; . Recall that, in an m-Hilbert space, the distance is invariant
with respect to the internal operation, as well as to the external operation,

d x  z; y  z  d x; y;

d a

x; a

y  jaj  d x; y ;

1

and that an m-Hilbert space is always isometric to a real Euclidean space, both
having the same dimension m. This property is essential for subsequent developments. Thus, if we denote by h such an isometry, h is an isomorphism such that
for any x; y 2 E,

hx; yi  hh x; h yie ;

d x; y  de h x; h y ;

where h:; :ie stands for the Euclidean inner product and de :; : for the Euclidean
distance in Rm . A detailed account of these and related properties can be found in
(Berberian, 1961).
In the sequel, following a standard approach as i.e. in (Ash, 1972), we consider
random vectors X, de®ned as measurable functions from a probability space (X,
F, PX ) onto a sample space E. Here X denotes an arbitrary set, F a r-®eld of
subsets of X, and PX a probability measure on F. A consistent de®nition of a
random vector X requires a r-®eld of subsets of E. An easy and natural way to
de®ne it consists in taking h 1 B Rm , being B Rm  the class of Borel sets of Rm
(see Fig. 1 for a schematic illustration). With this de®nition h X is a measurable
function (i.e., a random vector) that goes from (X, F, PX ) to Rm . X induces a
probability measure P on the r-®eld h 1 B Rm  of E and h X induces a
probability measure Pe on the r-®eld B Rm  of Rm . Note that for any set
A 2 h 1 B Rm  we have A  h 1 B, for some B 2 B Rm . Thus,

PA  Ph 1 B  PfxjX x 2 h
 Pe B  Pe h A :

1

Bg  Pfxjh X x 2 Bg

With these probability measures we can de®ne expectation in both spaces,

Z
EX 

Z
x dP;

x2E

Ee h X 

h xdPe ;
h x2Rm

satisfying h EX  Ee h X. From now on, we will use the symbol E for both
expectations. This concept of expectation is extended to functions g of X 2 E and
ge of h X 2 Rm as usual, resulting in

Z

Eg X 

Z

g xdP;

Ee ge h X 

ge h xdPe :
h x2Rm

x2E

In particular, let n 2 E be a ®xed element and consider the function d2 X; n,
where d . . . ; . . . denotes the distance in E (Fig. 1). The expectation of such a
function is then

Ed2 X; n 

Z

d2 x; ndP

x2E

Z

de2 h x; h ndPe  Ede2 h X; h n :


h x2R

2

m

Note that the latter expectation can also be de®ned using the corresponding
probability measure induced in R . In fact, d2 X; n is a univariate random
variable with sample space R and its probability can be described by a univariate distribution function.
Now, following the rationale described in the introduction, let us introduce
metric counterparts in E to usual measures of dispersion and central tendency in
real Euclidean space.

3
Metric center and metric variance
De®nition 1 The dispersion or metric variance around n 2 E is the expected
value of the squared distance between X and n: MvarX; n  Ed2 X; n, provided
that the last expectation exists.
Note that the metric variance is well de®ned, given that the squared distance is
a real function. Assuming the metric variance of X exists, we can introduce now
the metric center of its distribution as follows.
De®nition 2 The metric center of the distribution of X is that element n 2 E
which minimizes MvarX; n. It is called metric center of X and is denoted by
McenX for short.
Following our strategy to paraphrase standard statistical concepts, to call
metric variance the metric variance around McenX and metric standard deviation its square root is only natural. We state this as a de®nition for easy of
reference.
De®nition 3 The metric variance around the metric center McenX of the distribution of X is given by MvarX; McenX  Ed2 X; McenX. It is called
metric variance and is denoted by MvarX for short. The square root of the
metric variance of a random composition is called metric standard deviation and
is denoted by MstdX.
Given the existence of an isometry h between the m-Hilbert space E and real
m-Euclidean space, it is clear that we can transfer directly properties derived from
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the geometric structure between them. To do so, the following two propositions
are essential.
Proposition 1: If h : E ! Rm is an isometry, then McenX  h
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1

Eh X:

Proof: If h : E ! Rm is an isometry, then it holds that
Ed2 X; n  Ede2 h X; h n (see Eq. (2)), and the vector that minimizes
Ede2 h X; h n is h n  Eh X. Consequently, the vector that minimizes
Ed2 X; n is n  h 1 Eh X.
(
Proposition 2: If h : E ! Rm is an isometry and h X  Y 2 Rm , then

MvarX 

m
X

VarYi  :

i1

Proof: Being h an isometry and taking into account Proposition 1,

MvarX  Ed2 X; McenX  Ede2 h X; Eh X
holds. Writing h X  Y and using the de®nition of Euclidean distance the
equality is obtained.
(
Note the assumption h is an isometry is actually too strong for Proposition 1 to
hold, although it simpli®es the proof. In fact, if h is an isomorphism, Proposition
1 holds too. Nevertheless, the isometry assumption is necessary for Proposition 2
to hold.
Given the linearity of h and E in Propositions 1 and 2, classical properties of
center and variance in real Euclidean space related to linearity and translation
invariance, as well as unicity, are transfered to the metric center and metric
variance in E. In particular, denoting by X, Y; . . . random vectors with sample
space E and assuming that the expectations involved exist, the following properties, which are stated without proof, hold:
Proposition 3: For all b 2 E and all a 2 R,

Mcen a

X  b  a

Proposition 4: McenX

McenX  b :
McenX  e.

Proposition 5: McenX  Y  McenX  McenY; and, in general,

McenX1  X2      XN   McenX1   McenX2       McenXN  :
For simplicity, in what follows we will use the notation
N
an1 Xn  X1  X2      XN .
Proposition 6: For all b 2 E and all a 2 R,

Mvar a

X  b  a2 MvarX :

Proposition 7: For all b 2 E

MvarX  MvarX; b

d2 McenX; b :

Remark 1 Setting in the last proposition b  e, the result is analogous to the
standard relationship for univariate real random variables, namely

VarX  EX 2 

EX2  E X

 Ede2 X; 0

02 

EX

02

de2 EX; 0 :
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In what follows, it is understood that independence between random vectors
which sample space is E is de®ned in an analogous manner to the standard way
(Ash, 1972: p. 213).
Proposition 8: For X, Y independent,

MvarX  Y  MvarX  MvarY ;
and, in general, for X1 ; X2 ; . . . ; XN jointly independent,

N  X
N
Mvar aXn 
MvarXn  :
n1

n1

A simple property, but of primary importance, is the Chebyshev inequality that
holds for the metric center and metric variance. It gives us a further interpretation of the metric variance, or its squared root, as a dispersion measure
around the metric center, independently of the distribution of the random
vector.
Proposition 9: Chebyshev inequality. For any k > 0,

Pd X; McenX  kMstdX 

1
:
k2

Proof: The standard proof of the Chebyshev inequality follows. De®ne the set

A  fx 2 E : d x; McenX  kMstdXg :
Then,

MvarX  Ed2 X; McenXjA  k2 MvarX PX 2 A ;
from which the statement holds.

(

Thus, the metric variance, de®ned as the expected value of the distance to
the metric center, allows us a geometric understanding of the measures of
central tendency and dispersion of a random vector in a given m-Hilbert
space.
Before we proceed, it is worthwhile to note that Rao (1982) introduced the
concept of quadratic entropy, which is equivalent to our metric variance, and that

Cuadras et al. (1997) introduced equivalent concepts with the purpose of classi®cation. The difference is that they do not insist explicitly in the distinction
between random vectors which sample space is not real Euclidean space, specially
when it comes to estimation problems. The importance of this distinction will be
seen in the next section.
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4
Estimation
Consider a random vector X which sample space is E, and a random sample of
size N, X1 , X2 ; . . . ; XN . Assume that the probability measure of X, PE , depends on
an unknown parameter, or vector of parameters, h 2 H, where H stands for the
parameter space. H is also assumed to have an mh -dimensional real Hilbert
space structure. The purpose of this section is to de®ne basic desirable properties of estimators h^ of h. Since these de®nitions, being parallel to ordinary
ones, depend on the metric de®ned in H, we introduce an `Mh ' preceeding the
concept in order to distinguish them; the subindex h is introduced to make clear
that the parameter space and the sample space are not necessarily the same.
Therefore, whenever we refer to the metric in the sample space E, we will use the
notation `ME '. Although tedious, we insist in this notation to state clearly that
the essential idea of metric properties is to consider them in the appropriate
space. We also point out that we are going to use Mcenh h^ X1 ; . . . ; XN , where h^
is a function of the random sample. This metric center implicitly requires the
de®nition of expectation and the corresponding probability measure. If P is the
probability measure induced by X in E, the joint probability measure of the
random sample is obtained as the direct product of P as many times as N. The
expectation is then taken as an integral of h^ with respect to this probability
^ is related to H, the sample space of
measure. Note that the subscript in Mcenh h
^
the function h, and not to the de®nition of the probability measure.
At this point, the way of reasoning may differ from standard approaches because the mh -Hilbert space structure of H is normally not assumed to be different
from Rm , being H  Rm . Whenever H can be identi®ed with Rk for some integer
k, the following approach coincides with the standard approach. But, if H is not a
linear subspace of Rm , then the present approach claims for a new mh -Hilbert
space structure in H and the equivalence no longer holds.
De®nition 4 h^ is an Mh -centered or Mh -unbiased estimator of h if, and only if, the
^ with respect to the metric de®ned in the parameter space H, is
metric center of h,
^  h.
the unknown parameter h: Mcenh h
Using Proposition 4 we obtain the equivalent property:
^  h is equivalent to Mcenh h^ h h 1   eh , the neutral
Proposition 10: Mcenh h
element of the internal operation h on H.
^
De®nition 5 Mcenh h^ h h 1  is called the Mh -bias of h.
Using now Proposition 3 we obtain:
^ h h 1  Mcenh h
^ h h.
Proposition 11: Mcenh h^ h h 1   Mcenh h
In order to compare the Mh -bias from different estimators of the same parameter h, the distance to eh can be used, as they belong to the same space. Thus,
the adequate measure to be used is

^ h h 1 ; eh   dh Mcenh h;
^ h ;
dh Mcenh h
where the equality is derived from Eq. (1).
The mean quadratic error is another important criterion in estimation of
standard parameters. The analogous in our case is the following.
^ h is called the Mh -quadratic error of h.
^
De®nition 6 Mvarh h;
This de®nition of Mh -quadratic error has similar properties to standard quadratic error. Particularly, applying property 7, it is related with the Mh -bias and
the metric variance of the estimator in the same way the standard estimators are:
quadratic error equals squared bias plus variance of the estimator.
^ h  Mvarh h
^  d2 Mcenh h;
^ h:
Proposition 12: Mvarh h;
h
After these de®nitions, general concepts on estimation of standard parameters
can be easily extended to metric counterparts (e.g. asymptotically unbiased estimators, consistency in mean quadratic error). In the present context we are
specially interested in the following de®nitions, related to the so called best linear
unbiased estimators (BLUE).
De®nition 7 Given two estimators h^1 and h^2 of h 2 H, h^1 is said to be more Mh ef®cient than h^2 with respect to the distance de®ned in H if, and only if,
Mvarh h^1 ; h < Mvarh h^2 ; h.
^  H of estimators of h, h^ 2 H
^ is said to be Mh -best
De®nition 8 Given a class H
^ < Mvarh h^i  for
^ if, and only if, it is Mh -centered and Mvarh h
within the class H
^
^
^
all hi 2 H; i.e. it is the most Mh -ef®cient among the Mh -centered estimators in H.
Obviously, other standard characterizations of estimators, usual in the context
of random variables with support the real line, can be given, simply by substituting the Euclidean distance by the appropriate distance de®ned in the parameter space, and the expected value by the Mh -center, but it goes beyond the
purpose of this paper. Therefore, let us proceed to de®ne an Mh -best linear
estimator of a parameter h within the class of linear estimators of h, where linear
is understood in the following sense:
De®nition 9 Given a function g  from E onto H,
N

h^  a an
n1

h

g Xn  ;

is said to be an Mh -linear g-function of the sample X1 ; X2 ; . . . ; XN . Whenever g 
is suitable for estimation of h, then h^ is said to be an Mh -linear g-estimator of h.
Now, for g  a function from E onto H, the following propositions can be set
forth.
Proposition 13: If, for any n  1; . . . ; N, Mcenh g Xn   h, then


N
1
^
ha
N
n1


h g Xn 

is an Mh -linear and Mh -unbiased g-estimator of h.
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Proof: h^ is an Mh -linear function by de®nition. Taking metric centers in the
de®nition of the g-estimator and using Propositions 5 and 3, the fact that
Mcenh g Xn   h, and standard properties of vector spaces, the statement holds.
Note that, as usual, independence of the sample is not a requirement for the
proof.
(
Proposition 14: Given a function g : E ! H such that Mcenh g Xn   h,
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N
1
h^  a
N
n1


g
X

h
n

is the Mh -best g-estimator of h within the class of Mh -linear Mh -unbiased gestimators of h. Moreover,

^  Mvarh g X :
Mvarh h
N
Proof: Consider a general Mh -linear Mh -unbiased g-estimator of h
N

h~  a an
n1

h

g Xn  :

If h~ is Mh -unbiased, then, using again Propositions
5 and 3 as well as stanP
dard operations in a vector space, we obtain Nn1 an  1. To see that it is
Mh -best we have to see that the metric variance reaches a minimum when
an  1=N. Given that by de®nition of random sample we have Mvarh g Xn  
Mvarh g X and independence of the sample, the metric variance of h~ can be
expressed, using Propositions 8 and 6, as

~  Mvarh g X
Mvarh h

N
X
n1

!
a2n

;

which is minimum when, for n  1; . . . ; N, an  1=N. Therefore, for minimum
^  Mvarh g X=N:
metric variance h~  h^ and Mvarh h
(
In Proposition 14 the Mh -linear, Mh -unbiased, Mh -best g-estimator has been
identi®ed, but the function g : E ! H was beforehand given. A natural extension
may be to make g free within a given class of functions. Although a detailed
discussion of such a case is out of the scope of this presentation, the proof of
^ can be decomposed into
Proposition 14 points out that minimization of Mvarh h
two steps: search for the best g : E ! H and optimization for the an 's; and, then,
the optimum value of an is still 1=N.
Proposition 15: Given a function g : E ! H such that Mcenh g Xn   h,
N

h^  a 1 h g Xn  satis®es the weak law of large numbers given by
n1

N



Mstdh g X
^
p
e ;
P dh h; h 
eN

for any e > 0. Consequently, h^ converges in probability to Mcenh g X for
N ! 1.
Proof: This standard result is obtained by applying the Chebyshev inequality
^ which metric center and metric
stated in Proposition 9 to the random function h,
variance are, respectively, h and Mvarh g X=N. Setting 1=h2  e, the desired
result is obtained.
(

N
Propositions 13±15 clearly establish that h^  an1 N1 h g Xn  is an
Mh -linear Mh -unbiased g-estimator of h, which is Mh -best with respect to the
corresponding distance de®ned in the parameter space H.
Example 1: Univariate random variables with sample space the real line.
For univariate random variables with sample space R  E (i.e. support the real
line), it is straightforward to obtain all the standard results. In fact, R is a real 1Hilbert space with the usual operations: addition for the internal or Abelian group
operation and product for the external operation. The inner product is the usual
one (i.e. the product), and the distance is the Euclidean distance. The metric
center is then nothing else but the usual expected value, and the best, linear,
unbiased estimator associated to the Euclidean distance is the average or arithmetic mean of the sample.
Example 2: Univariate random variables with sample space the positive real line.
A particularly interesting case is that of an univariate random variable X,
which sample space (i.e. support) is the positive real line R  E. This sample
space is a 1-Hilbert space with the following operations and de®nitions. Let
x; y 2 R and a 2 R; then we have
1.
2.
3.
4.
5.
6.

Internal, Abelian group operation: x  y  x  y.
External operation: a  x  xa .
Inner product: hx; yi  ln x  ln y.
Distance: d x; y  j ln x ln yj.
Norm: kxk  j ln xj.
Isometry h : R ! R such that h x  ln x, with inverse h

1

y  exp y.

The metric center in R with this structure is given in Proposition 1 as

c  Mcen X  exp Eln X :
c is again a value in R and, therefore, the sample space of c is R , which 1Hilbert space structure has been previously de®ned. Given a random sample
X1 ; . . . ; XN , to estimate c we can take in De®nition 9 the function g  id, the
identity in R . Then, for any n, Mcen g Xn   Mcen X  c, and Propositions
1=N
13 and 14 state that c^  PNn1 Xn is the M -best id-estimator of c within the
class of M -linear, M -unbiased id-estimators of c. Note that the estimator
obtained is the geometric mean of the sample and the estimated parameter is
c  exp Eln X, also known as the theoretical geometric mean of a random
variable. These facts recall us the standard treatment of lognormal variates and
state that, in terms of the geometric structure of R , the natural measure of
central tendency is the theoretical geometric mean and the best estimator is the
geometric mean of the sample.
Note that this reasoning can be applied to any measure of difference, which
sample space is by de®nition R . As a result, we obtain an estimator for the
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metric variance which is different from the one obtained by the method of moments in real Euclidean space.
Example 3: Univariate random variable with sample space I  0; 1.
Let X be an univariate random variable which sample space is I  0; 1. This
sample space is a 1-Hilbert space with the following operations and de®nitions.
Let x; y 2 I and a 2 R, then we have:
1. Internal, Abelian group operation:
394

x I y 

xy
:
x 1 y  xy

1

2. External operation:

a

I

x

xa
:
xa  xa

1

3. Inner product:

hx; yiI  ln

x

1

x

dI x; y  ln

x1
y1

 ln

y
1

y

:

4. Distance:

5. Norm:

kxkI  ln

x
1

x

y
:
x
:

6. Isometry (logit transformation):

h : I ! R such that h x  ln

1

x
x

;

with inverse h

1

y 

exp y
:
1  exp y

According to Proposition 1, the metric center in I is given by

c  McenI X 

exp Eln X= 1 X
;
1  exp Eln X= 1 X

and c is again a value in I. Thus, the parameter space of c is I, which
1-Hilbert space structure has been just de®ned. Given a random sample
X1 ; . . . ; XN , to estimate c we can take in De®nition 9 the function g  id, the
identity in I. Then, for any n, McenI g Xn   McenI X  c, and Propositions
13 and 14 state that

c^  QN

n1

QN
1

1=N
n1 Xn
Q
Xn 1=N  Nn1

1=N

Xn

is the MI -best id-estimator of c within the class of MI -linear, MI -unbiased idestimators of c.

5
Estimation on the simplex
Recall that x  x1 ; . . . ; xd 0 is by de®nition a d-part composition if, and only if,
all its components are strictly positive real numbers and their sum is a constant c.
The constant c is 1 if measurements are made in parts per unit, or 100 if measurements are made in percent. The sample space of d-part compositional data
with constant sum c is thus the simplex
(
)
d
X
0
d
Sc  x  x1 ; . . . ; xd  jxi > 0; i  1; . . . ; d;
xi  c ;
i1
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where the prime stands for transpose. Although mathematically less comfortable,
we keep the constant c in the de®nition and in the notation, to avoid confusion
arising from the fact that in geology it is more common to use c  100 than c  1.
But, to simplify the mathematical developments, we include the constant in the
closure operation as stated below.
Basic operations on the simplex have been introduced by Aitchison
(1986). They are the perturbation operation, de®ned for any two vectors
x; y 2 Sdc as

x  y  C x1 y1 ; . . . ; xd yd 0 ;

3

and the power transformation, de®ned for a vector x 2 Sdc and a scalar a 2 R as

a  x  C xa1 ; . . . ; xad 0 ;

4

where the C denotes the closure operation de®ned for a vector z  z1 ; . . . ; zd 0
as

1 0
1
cz1
z1
z1 z2 zd
cz2
B z2 C B z1 z2 zd C
C
B C B
C z  CB .. C  B
C :
..
A
@ . A @
.
0

zd

czd
z1 z2 zd

Perturbation and power transformation induce a vector space structure in the
simplex. Then, to obtain a d 1-Hilbert space structure on Sdc , the following
inner product and associated norm and distance can be used (Aitchison, 2001;
Pawlowsky-Glahn and Egozcue, 2001):

1 X xi yi
ln ln ;
d i<j xj yj
v
u X

u1
xi 2
t
;
kxka 
ln
xj
d i<j
v
u X
2
u1
x
y
i
i
:
da x; y  t
ln
ln
xj
yj
d i<j
hx; yia 

396

To refer to the properties of Sdc ; ;  as a d 1-Hilbert space, we shall talk
globally about the Aitchison geometry on the simplex, and in particular about the
Aitchison distance, norm and inner product.
Sdc is a d 1-Hilbert space and thus there exists an isometry between Sdc
and Rd 1 which could be used to analize results from previous sections in the
particular case of random compositions. Nevertheless, to simplify presentation,
we will use the clr transformation de®ned by Aitchison (1986), which is an isometry between the simplex with the Aitchison geometry and the d 1-hyperplane going through the origin and parallel to the simplex in Rd and equipped
with the usual Euclidean geometry in Rd 1 projected from the real Euclidean
space Rd . Recall that the clr transformation is de®ned as



x1
x2
xd
; ln
; . . . ; ln
;
clr x  ln
g x
g x
g x
 d 1=d
Q
where g x 
xi
, the geometric mean of x. The inverse is obtained by
i1

taking ®rst exponentials and then applying the closure operation, which cancels
out multiplicative constants.
With these elements at hand we can proceed to analyze the metric variance
and metric center of the distribution of a random vector X with sample space Sdc .
Proposition 16: The metric center Mcena X of X is the center or closed geometric
mean of X,

Mcena X  C expfEln X1 g; . . . ; expfEln Xd g0 :
This result is actually the original de®nition of center of a random composition
given by Aitchison (1997). It is obtained by applying Proposition 1 with the clr
transformation.
Proposition 17: The metric variance can be expressed as,




 X
d
1X
Xi
Xi
:

Mvara X 
Var ln
Var ln
Xj
g X
d i<j
i1
The ®rst equality states that the metric variance with respect to the Aitchison
distance is identical to the total variance de®ned by Aitchison (1997). It is
derived directly from the de®nition of metric variance and of the Aitchison
distance. The second equality is obtained using Proposition 2 and the clr
transformation.
Note that Proposition 16 implies that, writing Mcena X  c, for i; j  1; . . . ; d,



Xi
c
 ln i :
E ln
Xj
cj
As a result of these statements, we can say that the closed geometric mean of
random compositions minimizes the metric variance on the simplex with respect
to the Aitchison distance. We can also say that the total variance de®ned by
Aitchison (1997) is an appropriate measure of compositional variability within

the simplex, as it coincides with the expected value of the squared Aitchison
distance to the metric center of the distribution.
Looking at other properties of random compositions derived from propositions stated in Sect. 3, we see that perturbation of a random composition affects
the metric center in that it leads to a perturbed metric center (Proposition 3),
whereas it has no effect on the metric variance (Proposition 6). As a consequence,
we can center the random composition by perturbing it with the inverse of the
metric center (proposition 4), thus giving theoretical support to the approach
presented in (Buccianti et al., 1999; MartõÂn-FernaÂndez et al., 1999; Eynatten et al.,
2001). Furthermore, the metric center is linear with respect to perturbation
(Proposition 5), whereas this property holds for the metric variance only in case
of independence of the random compositions involved (Proposition 8).
Proposition 7 applied to random compositions on the simplex tells us, that the
metric variance can be expressed as the metric variance around an arbitrary point
b in the simplex minus the squared Aitchison distance between the metric center
and the same point. Substituting b by the baricenter or neutral element of perturbation, e, gives the following result:

Mvara X  Eda2 X; e

da2 Mcena X; e ;

suggesting an analogy to central and non-central moments in real space.
Another interesting feature is related to the power transformation. The power
transformation of a random composition multiplies the metric center (Proposition 3) and its square multiplies the metric variance (Proposition 6). Thus, we
can introduce an equivalent concept to standardized random vectors by using
perturbation with the inverse of the metric center and power transformation with
the inverse of the metric standard deviation to obtain random compositions
centered at the baricenter e and with unit variance:

U


1
 X  Mcena X 1 :
Mstda X

Finally, the Chebyshev inequality stated in Proposition 9 gives us a way to obtain
regions within the simplex where we have a probability smaller or equal to 1=k2
that the random composition is at a distance from the metric center larger then k
times the metric standard deviation.
Concerning the estimation of the center, we can say that, taking in Proposition 14 the identity function g Xn   id Xn   Xn we obtain that

a 
X

N



n1

1
 Xn
N



is the Ma -best id-estimator of Mcena X within the class of Ma -linear Ma -unbiased
id-estimators of Mcena X. Moreover,

 a 
Mvara X

Mvara X
:
N

These are only the basic properties of the metric center, but it is clear that the
same rationale would lead us to transfer whatsoever properties based on Euclidean reasoning from real space into the simplex. This approach assures us that
we will obtain properties of optimality in the simplex, completely equivalent to
those in real space.
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Conclusions
The existence of an appropriate m-Hilbert space structure in the simplex suggests a
different approach to the statistical analysis of compositional data based on geometric reasoning. Based on this approach, which is completely parallel to the usual
one in Euclidean space, it is straightforward to de®ne reasonable properties for
estimators of compositional parameters. It assures us that we will obtain properties
of optimality, completely equivalent to those in real space, in the simplex. In particular, the closed geometric mean is a linear, unbiased estimator that minimizes the
metric variance with respect to the Aitchison geometry on the simplex.
But even more important is, that the same methodology allows us to study
properties of probability measures on any sample space with an appropriate ®nite
dimensional real Hilbert space structure, thus opening up a geometric approach
to the study of statistical properties in general. Furthermore, it has been shown
that this approach is also valid for estimators of unknown parameters of a
probability measure and/or characteristics of a random vector, like the metric
center. As a consequence, care has to be applied in analyzing the structure of the
parameter space to assure the appropriateness of applied methods.
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