Lecture 13: Noncentral x2-, t-, and F-distributions

The results on transformation lead to many useful results based on
transformations of normal random variables.

Ratio of two normal random variables

If X; and X5 are independent and both have the normal distribution
N(0,1), then, the pdf of V4 = X;/Xz is

oo e V0)2/2 efv22/2
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which is the pdf of Cauchy(0,1).
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The next result concerns a ratio of independent chi-squares random
variables, or sums of squared independent normal random variables.

Ratio of chi-square random variables and F-distribution

Let X; and X5 be independent random variables having the chi-square
distributions with degrees of freedom n; and no, respectively.
By the transformation theorem, the p.d.f. of Z = X/ Xz is

oo Z. ny/2— 72/2 7X /2
( X ) 1/ e ZX2/2 2

2m/21 (ny/2) 2”2/2F(n2/2) o

ZM/2-1 / (n+ny)/2—1 —(1+z)x2/2dx
2(m+m)/2[ (ny /2)[(ny/2) 2

[[(ny +no)/2] zM/2

(M /2)T(n2/2) (1 + 2)(m 72’ 224
where the last equality follows from the fact that
1 (n1+n2)/2 1 o Xe/2 X2 >0

2(m+n2)/2[[(ny + n2)/2]
is the pdf of the chi-square distribution with degrees of freedom ny + no.
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Making another transformation Y = (nx/ny)Z = (X1/n1)/(X2/n2) and
applying the (univariate) transformation theorem, we obtain that the
pdf of Y is

2R Rr(m +np) /2]y
M(m/2)1(n2/2)  (nyy+np)(mtm)/2’
which is the pdf of the well-known F-distribution with degrees of
freedom ny and no.

t-distribution
Let U; and U be independent random variables, U; ~ N(0,1) and U-

has the chi-square distribution with degrees of freedom n.

What is the distribution of T = U;/\/U>/n?

Let Xy = U? and Xo = U..

Then X7 and Xs are independent, because U; and U, are independent.
By a result obtained previously, X; has the chi-square distribution with

degree of freedom 1.

From the previous proof, Y = X;/(X2/n) has the F-distribution with

degrees of freedom 1 and n.
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The pdf of Y is
n"/2ri(n+1)/2)y "/
V7l (n/2)(n+ y)(n+1)/2

Applying the univariate transformation theorem, we obtain that the pdf
of W=+ is (dy = 2wdw when y = w?)

y>0

2n"2T[(n+1)/2]
w>0
VAT (n/2)(n+w2)(+ 172
Note that - W Uy >0
-W U; <O.
and
P(T<—-t)=P(T >1). t>0.
Hence the pdf of T is
n/2
n"<r[(n+1)/2] ‘e

VAT (n/2)(n+ )2

This is the pdf of the well-known t-distribution with degrees of freedom
n.
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When n= 1, the pdf of the t-distribution is
r(1) 1
= te#
VA2 8)  a(1+8) ©
which is the pdf of Cauchy(0,1).

Hence, if Xy ~ N(0,1) and X, ~ N(0, 1) are independent, then we have
just shown that X;/|Xz| ~ Cauchy(0,1).

But previously we showed that X;/X> ~ Cauchy(0,1).

If they are both true, then X; /X5 ~ X1 /| Xz|.

This is in fact true, because for t € #,

P(X1/Xo <t)=P(X; < tXo,Xo > 0)+ P(X; > tX5, X2 < 0)

= P(X1 < t|X2]|,Xo > 0)+ P(X7 > —t| X5|, X2 < 0)
= P(Xj < t|Xa], X2 > 0)+ P(—X; < t|Xz]|,X2 < 0)
= P(Xq < t|Xa], X2 > 0)+ P(X1 < t| Xz, X2 < 0)
= P(X1 < t|Xa]) = P(Xq/| Xo| < 1)

and the 4th equality holds since (X, X2) ~ (— X1, X2).
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The previously defined chi-square (x2-), t-, and F-distributions
previously defined are special cases of the non-central y2-, t-, and
F-distributions, respectively, which are useful in statistics.

Definition (the noncentral chi-square distribution)

Let X1, ..., X, be independent random variables and X; ~ N(u;, 62),
i=1,...,n. The distribution of the random variable

Y =(X2+---+ X2)/o? is called the noncentral chi-square distribution
with degrees of freedom n and the noncentrality parameter

8= (uZ+-+uB)/c2.

The chi-square distribution defined earlier is a special case of the
noncentral chi-square distribution with 6 = 0 and, therefore, is
sometimes called a central chi-square distribution.

It follows from the definition of noncentral chi-square distributions that
if Y1,..., Yx are independent random variables and Y; has the
noncentral chi-square distribution with degrees of freedom n; and the
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noncentrality parameter o;, i=1,...,k, then Y = Y; +---+ Y\ has the
noncentral chi-square distribution with degrees of freedom ny + - -- + nk
and the noncentrality parameter &; + - - - + .

Theorem (properties of the noncentral chi-square distribution)

Let Y be a random variable having the noncentral chi-square
distribution with degrees of freedom k and noncentrality parameter 6.

(i) The pdf of Y'is
(8/2)
5.k —e*‘s/zZ / fojk(X),

where f,(x) is the pdf of the central ch| -square distribution with
degrees of freedom v, v=1,2 ..;

(i) The mgf of Y is oB1/(1-21)

) E(Y)=k+;
v) Var(Y)=2k+454.
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Proof.
We first prove result (ii).

Let Xx be a random variable having the standard normal distribution
and = /8 be a positive number.

For t < 1/2, the mgf of (Xx + u)? is

Wé(t) _ \/127%/_00 efx2/26t(x+u)2dx

2 = S}
_ @B e ani2ut/(1-20 /2 gy

Ver  J-w
edt/(1-21)
V-2t
By definition, Y ~ X2 +---+ X2 | + (Xk +/8)?, where X;’s are
independent and have the standard normal distribution.
From the obtained result, the mgf of Y is
E{f0F Xt OtV — [y ()] y5(t) = (fat/;;?z
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We now use the proved result (ii) to show result (i).

By the uniqueness of the mfg, it suffices to show that the pdf g5 «(x) in
(i) has mgf exactly the same as the one in (ii).

Note that the mgf of the central chi-square distribution with degrees of
freedom v is, ’

(1-2t)v/2’
The mgf of the pdf g5 «(x) in (i) is, for t < 1/2,

e - o j
/_ e gs k(x)dx = e~%/2 / Zweﬂfmk(x)dx

t<1/2,

=i
(6/2)y
76/2 Z / / tszjJrk(X)dX
32y (8/2y

£ ji(1—21)02)

_ e e {s/le(t -2y
G —21r)k/2/.:0 J!
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e-8/2+8/[2(1-21)]  gdt/(1-21)
(1—20k2  ~ (1-21)ke
To establish (iii), let Xj’'s be as defined in the proof of (i).

Then,

E(Y) = E(XP)+ -+ E(Xg_1) + E(Xi+ V)2
= k—1+E(X?)+8+E(2VXk)
=k+6
because E(X?) =1 and E(X;) = 0.
To show (iv), note that Var(X?) = 2 and Cov(X2, Xx) = E(X?) =0.
Then,
Var(Y) = Var(X?)+ -+ Var(X2_;) + Var((Xx + v5)?)
= 2(k—1)+Var(X2 +2v5 Xy)
= 2(k—1)+ Var(X2) +48Var(Xy) + 4V 8Cov(XZ, Xx)
— 2k +46
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Definition (the noncentral t-distribution)

Let X ~ N(6,1), 6 € Z, U ~ the central chi-square with degrees of
freedom n, and X and U be independent. The distribution of

T = X/+/U/nis the noncentral t-distribution with degrees of freedom n
and noncentrality parameter 9.

The t-distribution previously defined can be called a central
t-distribution, since it is a special case of the noncentral t-distribution
with § = 0.
Using the formula for the ratio of two independent random variables,
we can show that T has the following pdf:
1 e 2
(n=1)/2 g=[(x\/y/n=8)*+y1/2 4
2(n+1)/2r(n/2)ﬁm/o / /
Since U ~ the central chi-square with degrees of freedom n,
W = ,/U/n has pdf
2n"/2 Wi —nw?/2
r(n/2)2n/2

, w>0
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Then, T has pdf

/°°W 2wz ) (1 owesrr2) gy
o "\ T(n/2)2n/2 NCT:

_ n"? / welCw— 8)%4-nw? 12 gw
~ [(n/2)2(-N/2y/x
Letting y = nw2, we obtain the desired result.

By the independence of X and U and the fact that X ~ N(§,1) and
U ~ the central chi-square,

E(T)—E(/JT) VNE(X)E (ﬁ)

_ =1 1 n/2-1g-u/2
_ /ns / <n/2)2n/2u du

__ Vns (n-1)/2-1g-u/2 _V/ndér((n-1)/2)
- I‘(n/2)2”/2/ Y du= V2r(n/2)

when n>1andis owhenn=1.
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E(T?)=E 2 = nE(X?)E 1

N U/n) U

1 5]

— n(1+ 82 / n/2-2 n—u/2
n(1+ )r(n/2)2"/2 U e Y“du
n(1+ 82) _

=~ T(n/2—1)2"21 =
Finj2y2ne (2= 1)

when n > 2 and is o when n < 2.

n(1+52)
n—2

Hence, when n > 2,

n(1+682) né2[r((n—1)/2)7°
Va(T) = =15~ = [ r(n/2) ]

Definition (the noncentral F-distribution)

Let X; ~ the noncentral chi-square distribution with degrees of
freedom ny and noncertrality parameter 6 > 0, X, ~ the central
chi-square distribution with degrees of freedom n,, and X; and X; be
independent. The distribution of F = (X;/n1)/(X2/ny) is called the
noncentral F-distribution with degrees of freedom n; and n, and

noncentrality parameter 4.
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The F-distribution introduced previously can be called a central
F-distribution, since it is a special case of the noncentral F-distribution
with 6 = 0.

Using the formula for the ratio of two independent random variables
and the pdf of X; we derived previously, we can obtain the pdf for

= (X1/m)/(Xz/n2).
Let £, denote the pdf of the central chi-square with degrees of freedom

v and fi, x,(x) be the pdf of the central F-distribution with degrees of
freedom ky and k.

Then the pdf of F is

/ [ o=8/2 Z |5n/2ng ojrk (;?:)] fny <,{2> dy

=0/
- 5/2)’ xy y
5/2
/ Z n n2 bk <n1 fny o dy
_ 5/2)/ n ( mx >
o—8/2 £ z
/; JU (@ +ng) ZEm\ 25+ ny
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Here, we used the following result: if g;(x) > 0 for all j=0,1,2,... and

x € %, then o -
/ Y gi(x)dx = Z/ gj(x)dx
—j=0 ==

which holds even when one of side is .
To show this, note that G,(x) = 21'7:0 gj(x) is increasing in n for each x.
By the monotone convergence theorem,

o e - o
j;)/_ng(x)dx - ,!ml;/_ng(X)dx - ,!m/_Wj;)%(X)dx

— lim Gn(x)dx:/w lim Gn(x)dx

n—oo J__ oo N—0
1) n

_ / Angj(x)dx:/m igj(X)dX
—= =0 ~7J=0

Finally, let’s calculate the mean and variance of F.
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From the previous calculation,

Ay s M>2
Xo o0 n, <2

Then, when n, > 2,

X1/n1) (X1> <n2) ni+06 no ng(n1+6)
E(F)=E =E|— |E(—+|= =

( ) (Xg/ng n X2 n no—2 n1(n2—2)
Also,

(e} 1
£ 172 _ 1/ x2/2-8g=X/2 gy — | (1=2)(m—4) n >4
X: F(np/2)2m2/2 Jo o np <4

Thus, when n> > 4,
X2/n? n 1 np(ng +8)\?
Var(F) = E [ £1.1 —EF2:2EX2E<>—<2 ! >
ar( ) <X22/n3> [ ( )] n12 ( 1) X2 n1(n2_2)
m® <2n1+46+(n1+5)2 _(n1+5)2>
=i

2\ (m—-2)(n—4)  (mn2—2)?
_ 2m3[(m + 8)%+ (n2 — 2)(n1 +29)]

2
ns(np —2)2(np —4)
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